COBORDISMS OF FOLD MAPS AND MAPS WITH PRESCRIBED 

NUMBER OF CUSPS 
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Abstract. A generic smooth map of a closed 2fc-manifold into (3k — l)-space has a finite 
number of cusps (S ' -singularities). We determine the possible numbers of cusps of such 
maps. A fold map is a map with singular set consisting of only fold singularities (E 1,0 - 
singularities) . Two fold maps are fold bordant if there are cobordisms between their source- 
and target manifolds with a fold map extending the two maps between the boundaries, 
if the two targets agree and the target cobordism can be taken as a product with a unit 
interval then the maps are fold cobordant. We compute the cobordism groups of fold maps 
of (2k — l)-manifolds into (3k — 2)-space. Analogous cobordism semi-groups for arbitrary 
closed (3k — 2)-dimensional target manifolds are endowed with Abelian group structures 
and described. Fold bordism groups in the same dimensions are described as well. 



1. Introduction 

Let M be a manifold, dim(M) = n, and let /: M — > R n+fe be a smooth map. A point 
p € M is a singular point of / if the rank of the differential of / at p, rank(d/ p ), is smaller 
than n. We let £(/) C M denote the set of singular points of /. If / is a stable map (i.e., 
if the orbit of / under left-right action by diffeomorphisms is open in the space of smooth 
maps M -> R n+k ) then £(/) is naturally stratified 

S(/) = S 1 (/)US 2 (/)U..., 

where £ J (/) is the set of singular points p with rank(d/ p ) = n — j. Studying the restriction 
of / to the strata one obtains further stratifications of called the Thom-Boardman 

stratification, see [3J. In this paper we will be concerned only with the simplest singularities 
in the Thom-Boardman classification, we give a brief description of these. 

Consider a stable map /: M -» R n+k with £(/) = E^/). The 1-dimensional kernel of 
the differential ker(df) is a line field in Ts(/)M (i.e., in the restriction of the tangent bundle 
of M to £(/)). Let p € £(/)• If ker(df) is not tangent to £(/) at p then p is a Y> l,0 -point. 
If ker(cZf) is tangent to £(/) at p then p is a £ ' -point. A £ 1,1 -point p is a cusp if the 
tangency of ker(d/) with £(/) is transverse at p. 

Let £ 1,0 (/) and £ ' (/) denote the sets of £ 1,0 -points and E 1 ' -points, respectively. It 
is a straightforward consequence of the jet transversality theorem that £ 1,0 (/) C M has 
codimension k + 1, that E 1 '-^/) C M has codimension 2(k + 1), and that the set of points 
where ker(4f) has a non-transverse tangency with £(/) (the set of £ 1 ' 1 (/)-points which are 
not cusps) has codimension 3(k + 1). We say that a stable map / : M — > M. n+k is a fold map 
if£(/) = £ 1 '°(/). 

Let Mq and M\ be closed n-manifolds. Two fold maps fj : Mj — > W n+k , j = 0, 1, are fold 
cobordant if there exists a cobordism W between Mq and M\ (i.e., W is an (n + l)-manifold 
with dW = M U Mi) and a fold map F : W -> R n+k x [0, 1] such that F\Mj = fj x {j}, 
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j = 0, 1. There are analogous notions for oriented manifolds: two fold maps fj : Mj — > R n+ , 
j = 0, 1, of closed oriented manifolds are oriented fold cobordant if there exists an oriented 
cobordism W (i.e., W is an oriented (n+ l)-manifold with dW = —MqUMi) and a fold map 
F: W —> R n+k x [0, 1] extending fj x {j}, j = 0, 1, on dW. Following [I] and [13] we define 
the cobordism group of (oriented) fold maps of n-manifolds into M n+fc , T, l '°(n, k) (Eso°(n, k)) 
to be the set of fold maps of (oriented) n-manifolds up to (oriented) fold cobordism, with 
group operation induced by disjoint union. 

It follows immediately from the computation of the codimension of E ' (f) above that if 
2k + 1 > n then the forgetful morphisms from E 1,0 (n, k) and E S o (n, k) which forget the map 
are isomorphisms to the cobordism group of n-manifolds s Xt n and to the oriented cobordism 
group of n-manifolds Q n , respectively. We compute the cobordism groups of fold maps 
for the largest codimension where transversality arguments do not imply that the forgetful 
morphisms are isomorphisms i.e., for 2k + 1 = n. 

Theorem 1. The cobordism groups of fold maps are as follows. 
(a) For any k > 0, 

E 1 '°(2k + i,k)^m 2k+1 , 

(bo) 

E^(1,0)«Z 2 

(bi) 

E^°(5,2) «n 5 ©Z2 wZaSZa 

(b*) For any m > 2 

E s 1 i °(4m + l,2m) « fWi- 

(c) For any m > 1, 

E s ^ (4m - 1, 2m - 1) « 4m _i Zgt, 

wheret = min{j | a$(2m+j) < 3j} and 03(2;) denotes the sum of digits of the integer 
x in triadic system. For example, E S o (3, 1) ~ Z3 and E S o (33, 15) ~ D33 © Z9 

Theorem [T] is proved in Subsection 13.21 For n odd, the group £l n is isomorphic to Z2 © 
• • • © %2- The number of summands was determined by Wall [25]. The summand Z 3 t in (c) 
appears as a consequence of a result of Stong [IB] , which describes the possible values of 
the top normal Pontryagin class of an oriented 4m-manifolds. 

Theorem [I] is a consequence of the following result which determines the possible number 
of cusps of a stable map F: W — > M 3fe_1 of a closed (oriented) 2A:-manifold W. In order 
to state it we note that the cusps of a stable map of an oriented manifold W of dimension 
2k = 4m are oriented 0-manifolds, i.e., points with signs. See [20] or [8], Section 6, for an 
alternative approach. In this case we say that the algebraic number of cusps is the sum of 
signs over the cusps. 

Theorem 2. 

(a) For any integers c > and k > 0, there exist a (possibly non-orientable) closed 
manifold W of dimension 2k and a stable map F: W — ► ]R 3fe_1 with c cusps. 
(boi) IfW is an orientable closed (4m + 2)-manifold, m = 0, 1 and F : W — ► R 6m + 2 is a 
stable map then the number of cusps of F is even and for any even integer c > 
there exists a map F' : W — > W with c cusps. 
(b*) For any integers c > and m > 2, there exist an orientable closed manifold W of 
dimension 4m + 2 and a stable map F : W — ► R 6m + 2 c cusps. 
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(c) If W is a closed oriented manifold of dimension 4m, m > 0, and F: W —* IR 6m_1 is 
a stable map then the algebraic number of cusps of F equals the normal Pontryagin 
number p m \W] of W . Moreover for any c, such that c = \p m [W] \ + 2r for some 
integer r > 0, there exists a stable map F' : W — > M 6m_1 with c cusps. 

Theorem [2] is proved in Subsection 13.11 

In Sections S] and [5l we consider problems similar to those discussed above replacing the 
target spaces M 3fc ~ 2 by closed (3k — 2)-manifolds. More specifically, in Section 0] we allow 
also the target to change by cobordism: Two stable maps fj : Vj — »■ Xj, j = 0, 1, where Vj 
are closed (2k — l)-manifolds and where Xj are closed (3A; — 2)-manifolds are fold bordant 
if there exists cobordisms W and Y with dW = Vq U V\ and dY = Xq U X\, respectively, 
and a fold map F: W — > Y extending the maps fj, j = 0, 1, on the boundary. Equivalence 
classes of fold bordant maps naturally form groups which are presented in Theorem 2J 

In Section[5l we study fold cobordism classes of maps of (2k — l)-manifolds into arbitrary 
(but fixed) closed (3k — 2)-manifolds. In this situation the equivalence classes form a semi- 
group rather than a group. (There is no natural geometric construction of an inverse.) 
However, in Theorem [5] we show how to endow these semi-groups with Abelian group 
structures and describe the corresponding groups. 

2. Cusp cancelation 

In this section we show how to eliminate pairs of cusps. According to Morin [12J if 
F : W — > M 3fc+2 is a stable map of a (2k + 2)-manifold with a cusp at p € W then there 
exist coordinates 

(t,s,x) = (ti, . . . ,t 2 k,s,x) G R 2k+2 , around p € W 
(i.e., p corresponds to the origin) and 

(y,z,u) = (y 1 ,...,y 2k+1 ,z 1 ,...,z k ,u) £l 3W , around F(p) G R 3k+2 
such that (y, z, u) = F(t, s, x) is given by the expression 

Vj = J ' = I? • • • j 2fe, 

V2k+1 = S, 

Zj = xt 2 j-i + x 2 t 2 j, j = l,...,k, 
u = x(x 2 + s). 

Lemma 3. Let F: W — > M 3fc+2 , k > 0, be a stable map of a (2k + 2) -manifold and letp and 
p' be cusps of F. IfW is oriented and k is odd assume that the signs ofp andp' are different. 
Assume that there exists an arc a connecting p to p' in W such that X(-F) D a = \p,p'}. 
Then there exists a stable map F' : W — > M 3fc+2 which agrees with F outside an arbitrarily 
small neighborhood of a, and such that S 1 ' 1 (i ?/ ) = S 1,:L (F) — {p,p'}. 

Remark. For the counterpart of Lemma [3] in the case k = 0, see e.g. |10) . 

Proof. Consider the disk 

{(t,s,x): \t\ < e, -e < s < 1 + e, \x\ < l} 

in coordinates as above and two maps 4>\ and 4> 2 from M. 2k+2 to M 3fc+2 which have the same 
(y, z)-components as the map above and for which the u-coordinates have the form 

(cf)j) u (x,s) = x(x 2 +Tpj(s)), j = 1,2, 
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for \x\ < y|, where the functions ipj(s) satisfy 

^l(s) = s(s - 1), 
iP 2 (s) = C(s)-s(s-l). 

Here the function C(s) equals for — e < s < — |e and for 1 + |e < s < 1 + e, equals — | for 
— \t < s < 1 + je, is decreasing for — |e < s < — |e, and increasing for 1 + \e < s < 1 + |e. 
Then the function x i— > (4>i) u (x, s) has two critical points for all s, and the function x i— > 
(<^2)«(^)S) has two critical points for — e < s < which cancel at s = and two critical 
points which are born at s = 1 and persists for 1 < s < 1 + e. Interpolating between the 
two formulas in the region t| < [ar| < 1 it is easy to arrange that cf)\ and </>2 agree on the 
boundary of the disk. Note that cfii does not have any cusps whereas 4>2 has two cusps (of 
opposite signs if k is odd). 

To prove the lemma we note that the restriction of F to a neighborhood of a is equivalent 
to the map (under left-right action of diffeomorphisms), hence we can replace F on 
this neighborhood of a with a map equivalent to <p2 thereby removing the cusps of F as 
desired. □ 

3. Proofs of Theorems CD and [2] 
In this section we first prove Theorem [2] and then Theorem [TJ 
3.1. Maps with prescribed number of cusps. 

Proof of Theorem^ (c). This was proved in [20], see also [8]. □ 

Proof of Theorem^ (a). The case k = 1 is well known see e.g. |10| . Let k > 1. If F: W — ► 
M 3fc_1 is a stable map with at least two cusps then by adding 1-handles we can make W 
connected. Since the codimension of the singular set is k + 1 > 1 we may use Lemma [3] to 
remove pairs of cusps. Thus it suffices to show that there exists a manifold W and a stable 
map F : W — > IR 3 *"'" 1 with an odd number of cusps. Let W = (RP 2 ) k+1 where RP 2 is the 
real projective plane. Let b: RP 2 — > R 3 be an immersion (for example the Boy surface), 
and let g: W — > R 3fc+3 be a self-transverse immersion regularly homotopic to the product 
b x • • • x b, ((k + l)-factors). Let F : W — > IR 3fc+2 be a composition of g with a generic 
hyperplane projection. It is well known that g has an odd number of triple points, see for 
example [9] . In [20] it was shown that the number of cusps of F is congruent mod 2 to the 
number of triple points of g. □ 

Proof of Theorem^ (boi )■ For m = it is well known that the number of cusps of a stable 
map F of an orientable surface W into the plane has an even number of cusps, see e.g. 
Theorem 9 in |23j . 

For m = 1, note that £Iq = 0. Therefore, if F : W — > R 8 is any stable map of an oriented 
6-manifold, there exists a compact orientable 7-manifold N with dN = W and a stable map 
G:Af^R 8 xK + extending F. Now E 1 ' 1 (G) is a 1-manifold with boundary S 1 ' 1 ^). This 
proves that the number of cusps of F is even. □ 

Proof of Theorem^ (b*). As in the proof of (a), we note that by adding a 1-handle in an 
orientation preserving manner we can cancel pairs of cusps. Thus it suffices to produce an 
oriented (4m + 2)-manifold W and a map F: W — > M 6m+2 , m > 2, with an odd number of 
cusps. To this end let Y be the Dold manifold (CP 2 x S 1 )/^, where Z2 acts by complex 
conjugation on CP 2 and by multiplication by —1 on S . This manifold is orientable and 
generates ~ Z2, see |11| . Since the manifold (Y x (MP 2 ) fc-2 ) is a square there exists 
an orientable manifold cobordant to it, see [25] or [6]. Let W be such a manifold and let 
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F: W — > R 6fc+2 be a stable map. We compute the parity of the number of cusps of F 
(which we denote by #2^ 1 ' 1 (F) € {0, 1} « Z 2 ) using the formula 

(1) # 2 £ 1 < 1 (F) = {w 2 k+1 + w 2k+2 w 2k ) [W], 

see |15| , or |14j in combination with [3] : p3] contains the complex analogue of this statement 
and Theorem 6.2 in [3] shows that the complex version implies the real. Let N = Y x 
(M.P 2 ) k ~ 2 . Applying the product formula for normal Stiefel- Whitney classes, we obtain 

wlk+A N xN]= Y x W h)(™i2 x w j2 )[N x N] 

il+ji=2fc+l i 2 +j2=2k+l 
H+jl=2fc+l i 2 +j 2 =2A;+l 

= 2 ^ (w i w a jH-i-0[^(«'2fc+i-tWi)[JV]=0. 

0<i<fc 

Similarly, 

w 2 k+2W 2 k[N XN]= ^ ^ ( W h x W 31)^2 x w ja)[ N x ^ 

ii+ji=2fc+2 « 2 +i2=2fc 

= Y Y (vhWnWKw^WjJlN] 

ii+ji=2fc+2 i 2 +j 2 =2k 

= Y ( w 2k+i-iWi)[N](w i+ i w 2 k-i)[N] 

0<i<2k 

= {w k +iw k [N]) 2 = w k+1 w k [N], 
and, since Wj WjpELP 2 ] = 1 if and only if z = j = 1, we find 
w k+1 w k [N] = 

Y (^0 x • • • x w ik _ 2 )(w jo x • • • x W jfc _ 2 )[y x (RP 2 ) k - 2 } 

ioH h«fc_2=fc+l 

JO+-+j'*-2=*! 

E K M) K ™ 3 \ W 2 ]) ■ ■ ■ K- 2 %*_ a [^ 2 D 

«oH Mfc_2=fc+1 

ioH hifc_2=fc 

= w 3 w 2 [y] = 1. 

To see that the last equality holds we argue as follows. Since Y is odd-dimensional its 
top Steifel- Whitney class vanishes: 105 [V] = 0. Since Y is orientable w\(Y) = 0. A 
straightforward calculation shows that these two conditions imply w 2 (Y) = W 2 (Y) and 
ws(Y) = Ws(Y). The manifold Y generates SI5 9Ts and thus it is not null-cobordant. 
Therefore at least one of its Steifel- Whitney numbers must be non-zero and by the two 
conditions the only possibility is w 2 wz\Y]. Thus W2W3[Y] = ^2^3^] = 1. This finishes 
the proof of (b). □ 

3.2. Cobordism groups of fold maps. 

Proof of Theorem^ (a). We show that the forgetful morphism 

r: S 1 - (2A; + l,fe) -> 9W, 

which associates to each cobordism class represented by a stable map f : M —> M 3fc+1 
the cobordism class [M] of its source is an isomorphism. The morphism is surjective by 
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the jet-transversality theorem, so it is sufficient to show that it is injective. Thus let 
/ : M — > M 3fc+1 be a stable map where M is null-cobordant. Let W be a (2k + 2)-manifold 
with dW = M. Extend the map / to a stable map F' : W' — > R 3k+1 x E + . Assume that F 
has c cusps. Using Theorem [2] (a) we find a closed (2& + 2)-manifold W" and a stable map 
F" : W" — > R 3fc+1 x R + which has c cusps. Now adding 1-handles connecting cusps of the 
maps F' and F", and then, applying LemmaEl we produce a fold map F: W — > R 3fc+1 xl + 
where W satisfies dW = M and where F\M = f x {0}. This shows that r is injective. □ 

Proof of Theorem^ (c). If F: W — > M 6m_1 is a stable map of an oriented 4m-manifold then 
let denote the algebraic number of cusps of F. In order to determine the kernel 

ker(r so ) of the forgetful morphism 

r so : £^°(4m - 1, 2m - 1) -> fi 4m _i, 

let G m be the greatest common divisor of the numbers in the set , where F 

ranges over all stable maps F: W -» M 6fc_1 and where W ranges over all oriented closed 
4m-manifolds. It follows from Theorem [2] (c) in combination with a result of Stong [16] 
that G m = 3* (with t is as in the formulation of the theorem) . Define the map 

T: ker(r so ) -» Z Gm 

as follows for £ € ker(r so ). Pick a representative /: M — ► IR 6m_2 of ^. Since M is oriented 
null-cobordant there exists a compact oriented 4m-manifold W such that = M. Let 
F : — > R 6m ~ 2 x M + be any stable map which extends / and let 

r(0 = modG m . 

In order to see that T(£) is independent of the choice of F, let F' : W — > M 6m " 2 x M+ be 
another extension of /. If F denotes F composed with the reflection in M 6m_2 then F U F' 
gives a map of the closed oriented manifold —WUm W into R 6m_1 and the algebraic 
number of cusps of this map is 

#S 1 ' 1 (i?) = #S 1 ' 1 (F / ) - #S 1 ' 1 (F) = modG m . 

It is easy to see that T(£) does not depend on the representative / since if /' is another 
representative then there is a cobordism without cusps connecting them. Thus T(£) is well 
defined. 

We next show that T is an isomorphism. First, using a neighborhood of a cusp, see 
Section [2] for formulas and Figure [U (which is also Figure 19 in [2]) for an illustration, it is 
easy to construct a stable map of a sphere S im ~ l — > M 6m_2 which represents an element 
£ with r(£) = 1 showing that T is surjective. If /: M — * M 6m ~ 2 is a stable map having 
an extension F : W — > M 6m_2 x M + with algebraic number of cusps c divisible by G m then 
using Theorem [2] (c) we find a closed manifold W' and a stable map F' : W' —> R 6m_2 x M + 
with algebraic number of cusps equal to — c. Using connected sum we may join F and F' 
to a map of a connected manifold W" with algebraic number of cusps equal to 0. Since the 
codimension of the singular set is 2m > there arcs connecting cusp pairs of different signs 
and Lemma [3] implies we can cancel all cusps. This shows that V is injective. We thus have 
the exact sequence 

► Z Gm ► S 1 '°(4m- 1,2m- 1) ► 4m -i ► 



and statement (c) follows since r^m-i is a direct sum of copies of Z2 and G m is a power of 
3. □ 
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Figure 1. A neighborhood of a cusp. 

Proof of Theorem{l\ (b*). Apply the argument in the proof of (a) to the forgetful morphism 

r so : E^°(4m + 1, 2m) -> 4m+ i, 

using Theorem [2] (b*) instead of Theorem [2] (a). □ 

Proof of Theorem^ (bo). Using the fact that fii = 0, the statement follows from the argu- 
ment in the proof of (c) with G m = 2. (It is straightforward to give a direct geometric proof 
of this noting that the fold cobordism class of a map / : S* 1 — > M is equal to | (//.(/)— 2) mod 2, 
where is the number of critical points of /.) □ 

Proof of TheoremUl (bi ). Applying the argument in the proof of (c) with G m = 2 (referring 
to Theorem [2] (boi) instead of Theorem [2] (c)) we obtain the exact sequence 

► Z 2 ► S 1 >°(5,2) ► n 5 ► 0. 

Noting that sa Z 2 this leaves the following two possibilities 

(i) Ssi (5,2) sa Z 4 , or 

(ii) Ss^(5,2) «z 2 ez 2 . 

If /: M —>■ M. 7 is a stable map then let [/, M] 6 £so°(5, 2) denote the fold cobordism 
class represented by it. If (i) holds and if / : M — > R 7 is a stable map, where M is not 
oriented null-cobordant, then [/, M] is an element of order 4. To show that (ii) holds it 
is thus sufficient to establish the existence of a stable map f:Y^R 7 such that Y is not 
oriented null-cobordant and such that [/, Y] has order 2. To this end, as in the proof of 
Theorem [2] (b*), let Y be the Dold manifold with some fixed orientation. By [5] there exists 
an immersion / ' : Y — > M 8 . We show that if / = it o f : Y — > M7 , where ir: M 8 — > R 7 is a 
generically chosen projection then [/, Y] is an element of order 2. The proof has three steps. 

Step 1. Let g: Y — > MJ be any fold map. Let H CK 7 be a hyperplane disjoint from g{Y), 
let r : M 7 — > W be reflection in H , and let —Y denote Y with the opposite orientation. Then 
[g,Y] + [rog,-Y]=0. 

This follows from the standard construction of a cobordism inverse: if x\ is a coordinate 
perpendicular to H and centered on H, if g = (gi,g') € K x H, and if G : Y X [0, 7r] — > M 8 ^ 
is given by 

G(0,y) = (sm%(y),cos%(y),</(y)) el+xlxfi, 
then G gives a fold cobordism establishing Step [TJ 

The manifold Y admits an orientation reversing diffeomorphism A: Y — > Y induced by 
complex conjugation on the S^-factor thought of as the unit circle in C. Let X be the 
mapping torus of A, i.e., X = (Y x I)/ ~, where (y,0) ~ (A(y),l). Then X is a non- 
orientable closed 6-manifold. (This is the 6-dimensional Wall manifold, Xq in the notation 
of [25].) In [25], the cohomology ring of X and its Stiefel- Whitney classes were computed. 
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This computation in combination with a straightforward calculation imply that the normal 
Stiefel- Whitney number + W2W4 [X] equals 0. Equation (pQ) then implies that the 

number of cusps of any stable map F : X — > M 8 is even. 

Step 2. Let g: Y — > R 7 be any fold map then [g, Y] + [r o g, Y] = 0. 

To see this we first define a map K: X -> M 8 as follows. Consider X = (Y x [0, ±] U 
Y x [1,1])/ ~, where (y, ±) ~ (y, |) and (y, 0) - (A(y),l). Define y x [0, ±] -> M 8 , 
if (i, y) = G(2-nt, y) where G is as in Step [T] and then extend K over 7x^,1]. Since K does 
not have any cusps in Y x [0, ^] it follows that X has an even number of cusps in Y x [|, 1]. 
Since rs Z2 there exists an orientable 6-manifold W with cW = yuV. Let F: W — > 
be a stable map such that the restriction to one boundary component agrees with g and 
the restriction to the other agrees with r o g. Joining the maps F and K\Y x 1] along 
their common boundary we obtain a map Kj^F of an orientable 6-manifold into M 8 . By 
Theorem [2] (boi) this map has an even number of cusps. It follows that F has an even 
number of cusps and Lemma [3] then implies that [g, Y] + [r o g, Y] = 0. 

Step 3. Let f : Y — > M. 7 be the projection of an immersion f : Y — > M 8 then [/, Y]+[/, —1"] = 
0. 

The cobordism group of immersions of oriented 5-manifolds into M 8 is isomorphic to the 
8 th stable homotopy group of the Thorn space MSO(3) which is isomorphic to the 9 th stable 
homotopy group of the suspension T,MSO(3). The map on the cobordism group induced 
by changing the orientation on the source coincides with the map on the stable homotopy 
group induced by the involution t of SM50(3) which is reflection in MS 0(3). It follows 
from standard properties of suspensions that if Z is any topological space and if im(-7r n (Z)) 
denotes the image of the suspension map n n (Z) — > ir n+ i(Y,Z) then the map t*, induced 
by the involution l: — > which is reflection in Z, agrees with multiplication by — 1 
on im(n n (Z)). Thus there exists an oriented 6-manifold W with dW = Y U (-Y) and an 
immersion F: W — > Mj_ which agrees with / on both boundary components. 

Let v denote the normal bundle of F. Consider the manifold W = W U (Y x /) obtained 
by identifying boundary components. Note that W is orientable. Moreover, we can extend 
v to a bundle over W in a canonical way: use the identity transition function at both 
junctions. Let denote this extension. Note that TW © v is a trivial bundle and thus v 
is a normal bundle for W . Consider a unit vector v G M 8 as a vector field along F(W). 
Projecting v to v we get a section n of the bundle v over W . Note the section n can be 
continued in a canonical way along Y X I and thus gives a section of v. The zero set S of 
n is dual to W^(W). Moreover, along S, v gives a vector field in the restriction T-^W . A 
point where v is tangent to S n W corresponds to a cusp of F, where F = tt v o F and n v is 
a projection parallel to v. 

For generic v, tt v o / does not have any cusps. Thus, for such v the corresponding section 
of Ts W is nowhere tangent to SnFxL Furthermore the mod 2 number of tangency points 
is equal to the mod 2 self intersection number [S] • [S] of S in W. By Poincare duality this 
self-intersection number is 

[£].[£} =wj[W} = 0, 

where the last equality holds since W is an orientable 6-manifold and = 0. We conclude 
that if F = tt v o F then F is a cobordism with an even number of cusps. Lemma [3] then 
implies that [/, Y] + [/, —Y] = 0. 

We are now in position to finish the proof. By Steps [TJ-EJ we have 

[/, Y] = - [r o f, -Y] = - [/, -Y] = - [f, Y] . 
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We conclude that [/, Y] has order 2 and hence that (ii) holds. □ 

4. Fold bordism groups 

In this section we describe fold bordism groups. We first introduce some notation. Fol- 
lowing Stong [T7], we let C(n,k) denote the bordism group of maps of n-manifolds into 
(n + /c)-manifolds. More precisely an element in C(n,k) is an equivalence class of maps 
/ : V — > X where V is a closed n-manifold and X is a closed (n + /c)-manifold, and two 
such maps fj : Vj — ► Xj, j = 0, 1, are equivalent if there exist cobordisms W and Y with 
dW = VqUVi and dY = XqL\X\, respectively, and a map F: W — > Y extending fj, j = 0, 1. 
Addition in C(n,k) is induced by disjoint union. Analogously, we let C so (n,k) denote the 
oriented bordism group. The definition is the same as for C(n,k) except that all source- 
and target manifolds and all cobordisms are required to be oriented. 

A slight generalization of the Thorn- Pontryagin construction shows that 

C(n, k) « Kn+kin^MOik + oo)), 
C so (n, k) « n n+k {n°°MSO(k + oo)). 

Here oo should be understood as any sufficiently large integer, Q^X denotes the j th loop 
space of X, OTj(X) denotes the j th bordism group of X, and Qj(X) denotes the j th oriented 
bordism group of X. 

The fold cobordism groups studied in Section [3] are obtained form the corresponding 
bordism groups by imposing the additional constraint that the maps and the cobordisms 
have only E ' -singularities. Similarly we define the groups C lfi {n,k) and C&°(n,k) using 
the definition of the groups C(n, k) and C so (n, k) given above with the additional constraint 
that the maps (/: V — > X above) and the bordisms (F: W — > Y above) have only X 1 ' - 
singularities. 

The following theorem describes the bordism groups of fold maps in the largest codimen- 
sion where transversality arguments do not imply an isomorphism of these groups with the 
corresponding (unrestricted) bordism groups computed by Stong. 

Theorem 4. The bordism groups of fold maps are as follows. 
(a) For any k > 0, 

C 1 '°(2fc + l J fc) w C(2k + l,k), 

(bo) 

C*; (l,0)«Z a 

(bi) 

C^°(5,2) «C so (5,2) «Z 2 

(b*) For any m > 2 

C s ^°(4m + 1, 2m) w C(4m + 1, 2m). 

(c) For any m > 1 

C s b°(4m-l,2m - 1) w C so (4m - 1, 2m - 1) © Z 3 u, 
where the power u satisfies < u < t, t = min-jj | as(2m + j) < 3j}, see Theorem 

m(c). 

Proof. The forgetful maps 

r : C lfi (2k + 1, jfe) -» C(2A: + 1, fc) 
r so : C^°(2A : + 1, k) -> C so (2fc + 1, fc), 
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are obviously surjective. It is a consequence of Theorem [2] (a) and Lemma [3] that the map r 
is also injective. This implies (a). Similarly (b*) follows from Theorem [2Kb*) in combination 
with Lemma [3l 

Consider (bo). The number of cusps of a stable map from a closed oriented surface to 
an oriented surface is even and pairs can be removed by cobordism, see e.g. [ID], and the 
group C SO (1,0) is trivial. An argument entirely analogous to the proof of Theorem Q] (bo) 
now shows that (bo) holds. 

Consider (bi). We construct a map f: M — > CP 4 of an oriented 6- manifold M with the 
property 

((w$ + w A w 2 )(vf),[M\) = 1, 

where Vf is the (virtual) normal bundle of /. This implies that after small perturbation, 
making / stable, it is a map with an odd number of cusps, see (pQ). With the existence of 
such a map established, the proof of (bi) is a repetition the proof of Theorem 1 (b*). 

To construct such a map /: M — > CP 4 it is sufficient to construct F : X L CP 4 — > 
MSO(L + 2), where S L denotes the L th suspension for some sufficiently large L, such 
that 

(2) {F*(Uwl + Uw A w 2 ), [£ L CP 4 ]) = 1, 

where U is the Thorn class of MSO(L + 2). Indeed, applying the Thorn- Pontryagin con- 
struction to F gives an embedding i: M —> E L CP 4 of an orientable 6-manifold M such 
that 

(w% + w 4 w 2 )(vi) = (F\M)*(w 2 + w 4 w 2 ), 

where the cohomology classes in the left hand side are the Steifel- Whitney classes of the 
universal SO{L + 2)-bundle. Without loss of generality, we may assume that i(M) C 
R L x CP 4 C S L CP 4 . Defining / = tt o i, where vr: R L x CP 4 -» CP 4 is the natural 
projection, we obtain /: M — ► CP 4 with properties as desired. To see this, note that the 
virtual normal bundle uj of / belongs to the stable equivalence class of V{ and hence 

{{w\ + w A w 2 )(u } ), [M]) = ((w 2 3 + w 4 w 2 )(vi), [M]) = ((F\M)*(wl + w 4 w 2 ), [M]) 

= (F*(Uwl + Uw 4 w 2 ), [S L CP 4 ]) = 1. 

To construct the map F: S L CP 4 -> MSO(L + 2), we note that the dimension of S L CP 4 
equals L + 8. Thus we can replace MSO{L + 2) with the homotopically (L + 8)-equivalent 
space K = K(Z, L + 2) x K(Z, L + 6) x K(Z 2 ,L + 7), where K(G, n) denotes the Eilenberg- 
Maclane space with n n (K(G,n)) ~ G. A standard calculation shows that the class Uw$ + 
Uw 4 w 2 S H L+8 (MSO(L + 2);Z 2 ) is identified with the class Sq 4 Sq 2 l L+2 + Sq 2 l L+6 + 
SqH' L+7 G P( L+8 )(K;Z 2 ) under an (L + 8)-equivalence, where l N G H N (K(Z, N); Z 2 ) and 
/^r G H N (KCZ 2 , N); Z 2 ) are the cohomological fundamental classes, and where 5g n denotes 
the degree n Steenrod operation. Define F as the composition j o k of the natural inclusion 
j: i^(Z,L + 2) -> K and the map k: S l CP 4 -> K(Z,L + 2) that corresponds to the 
generator S L a of the group P L+2 (S L CP 4 ) ps P 2 (CP 4 ) = Z(a) (i.e., the map n such that 
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k*Il+2 = S L a). The map F then satisfies 

(F*(Uw 2 + Uw 4 w 2 ), [£ L CP 4 ]) = (F*(Sq*Sq 2 l L+2 + Sq 2 l L+6 + Sq% +7 ), [£ L CP 4 ]) 

= (K*f(Sq A Sq 2 l L+2 + Sq 2 l L+6 + Sq% +7 ), [£ L CP 4 ]} 
= ( K *j*(Sq 4 Sq 2 l L+2 ),[^ L CP i }) 

= (Sq 4 Sq 2 K*j*l L+2 , [£ L CP 4 ]} = (Sq 4 Sq 2 X L a, [£ L CP 4 ]) 
= {Y, L Sq 4 Sq 2 a, [£ L CP 4 ]) = (Sq 4 Sq 2 a, [CP 4 ]} 
= (SgV, [CP 4 ]} = (a 4 , [CP 4 ]) = 1. 

Thus, (|2|) holds as desired. 

Finally, consider (c). Let G m denote the greatest common divisor of the numbers 

{p(f,Y) m [W}}, 

where W ranges over all closed oriented 4m-manifolds, where X ranges over all closed 
(6m — l)-manifolds, where / ranges over all maps /: W — > Y, and where p(f,Y) m denotes 
the m th Pontryagin class of the virtual normal bundle [/*TY] — [TW] of /. It follows from 
Theorem [2] (c) that G m = 3 U where u satisfies the requirements in the statement. The 
argument used in the proof of Theorem [1] (c) allows us to define an homomorphism 

ker(r so : C s 1 ' (4m - 1, 2m - 1) -» C so (4m - 1, 2m - 1)) -» Z Gm , 

by counting the algebraic number of cusps in a bordism from a given representative to 
the empty set. Again, using the map in Figure [T] and Lemma El we conclude that this 
homomorphism is an isomorphism. This proves that there exists an exact sequence 

► Z 3 u ► Ch°(4m - 1,2m - 1) ► C so (4m - 1, 2m - 1) ► 0. 

This sequence splits since C so (4m — 1,2m — 1) ~ QQ m - 2 (Q°°MSO(2m — 1 + oo) does 
not have odd torsion, see [IS], Chapter 4. Indeed, H* +2m - 1+N (MSO(2m - 1 + N);Z) » 
H* (BSO(2m — 1 + N); Z), where H denotes reduced cohomology, and the cohomology ring 
of the Grassmann-manifold does not have odd torsion, see [23]. Hence Q*(Q N M SO(2m — 
1 + N)) does not have odd torsion either. This finishes the proof of (c). □ 

5. Fold cobordism groups of general target manifolds 

In this section we describe fold cobordism groups of (2k — l)-manifolds into an arbitrary 
closed (3k — 2)-manifold P. More precisely, two fold maps fj : Mj — ► P, j = 0, 1, of 
closed manifolds are fold cobordant if there exists a cobordism W and a fold map F : W — > 
P x [0, 1] extending fj x {j}, j = 0, 1, on dW. In case P is oriented we define oriented 
fold cobordism analogously, requiring all manifolds and cobordisms to be oriented. We 
denote the equivalence classes of fold cobordant maps and oriented fold cobordant maps 
S 1 '°(2A; - 1,P) and Sso°(2A: - 1,P), respectively. In contrast to the case P = M 3fe ~ 2 the 
set S 1,0 (2A; — 1, P) form a semi-group rather than a group. (There is no natural geometric 
construction of an inverse operation.) The following result shows that the semi-group 
structures on S 1,0 (P, k) and S S o (P, k) in fact come from Abelian group structures and 
moreover we describe the corresponding groups. 

Theorem 5. The cobordism semi-groups of fold maps into a manifold P of dimension 
(3k — 2) satisfy the following. 
(a) For any k > 0, 

E 1 '°(2fe + l,P) «9? 2fc+ i(P), 
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(bo) 

(t>i) If P is a 7 -dimensional orientable manifold such that Pi(P;Z 2 ) ~ ~ P 2 (P;Z 2 ) 
then there exists an exact sequence of Abelian groups 

o ► z 2 ► s^(5,p) ► q 5 (p) ► o 

(b*) For any m > 2 i/dim(P) = 6m + 1 and if P is orientable then 

^ (2k + i,p)^n 2k+1 (P). 

(c) For any m > 1, if dim(P) = 6m — 2 and P is orientable then there is an exact 
sequence of Abelian groups 

► Z 3 v ► S^°(4m-l,P) ► n^-iCP) ► o, 

where the power v satisfies < v < t, t = min{j | a3(2m + j) < 3j}, see Theorem 

m (c). 

Proof. The proofs of (a) and (b*) are completely analogous to the proofs of the correspond- 
ing parts of Theorems Q] and [U Theorem [2] implies that any cobordism between two fold 
maps can be changed into a cobordism with an even number of cusps and Lemma [3] then 
implies we can cancel the cusps in pairs giving a fold cobordism. 

The proof of (bo) is a straightforward modification of the corresponding part of the proof 
of Theorem HJ the Z-summand comes from the mapping degree. 

Consider (bi). We first show that if 

(3) Hom(fi 6 (P),Z 2 ) = 

then there is an exact sequence as claimed. The condition ([3]) implies that any stable map 
of a closed oriented 6-manifold into P x I has an even number of cusps: the argument in 
the proof of Theorem [2] (boi) shows that the mod 2 number of cusps of such maps gives a 
homomorphism Q,§(P) — > Therefore, as in proof of Theorem [Tj (bi), we can define a 
map r on the preimage in S S o (5, P) of the neutral element of £1§{P) under the forgetful 
morphism into Z 2 by counting the mod 2 number of cusps in any cobordism of a fold map 
representing a given element. Moreover, Lemma [3] implies that this map is an isomorphism. 
This establishes the exact sequence. 

We next claim that the homological condition on P is equivalent to ([3]). We have 

(4) Q G (P)^® j H j (P;n^ j )=H 1 (P;Z 2 )®H 2 (P;7 l )®H 6 (P;Z), 

modulo odd torsion, see e.g. [6]. In particular, ([3]) holds provided any homomorphism from 
the right hand side of 0) into Z 2 is trivial. 

Write H\(P; Z) = Pi ©T° ©T®, where Pi is the free part which is a direct sum of infinite 
cyclic groups and where T° and Tf are direct sums of finite cyclic groups of odd respectively 
even order. The universal coefficient theorem then implies that H\(P; Z) ~ Fi®'L 2 @Tf ©Z 2 
and that P X (P;Z) rs F 1 . Thus, 

Hom(P 1 (P;Z 2 ),Z 2 ) =0 

is equivalent to Pi = = Tf. Poincare duality implies Hq(P;X) ~ P X (P;Z) ~ Pi. 
Hence Hom(P 6 (P; Z), Z 2 ) = if and only if P x = 0. Finally, if Pi = = Tf then 
Ext(Pi(P, Z), Z 2 ) = and the universal coefficient theorem gives 



P 2 (P;Z 2 ) «Hom(P 2 (P;Z),Z 2 ) 
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and the claim follows. To finish the proof of (bi), we recall the general algebraic fact that 
if 

► A ► B ► C ► 

is an exact sequence of commutative semi-groups where A and C are Abelian groups and 
where the neutral element of A maps to the neutral element of B then B is an Abelian 
group as well. 

Finally, the proof of (c) uses the algebraic fact in combination with a repetition of the 
proof of Theorem 0] (c) with the following alteration. The number G m = 3" in the proof 
of Theorem H] (c) should be replaced in the present case by the number G m = 3 V which is 
the greatest common divisor of the numbers in the set {p(f, P X /) m [H 7 ]}, where W ranges 
over all oriented 4m-manifolds and / over all maps. □ 
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